Abstract: Concern about the transport of chemicals in groundwater systems has stimulated the development of many models to describe transport in porous media, the most common of which under steady-state conditions is the convection-dispersion equation (CDE). We propose a novel solution to the CDE for predicting profiles of solute concentrations and estimating transport parameters. The solution was adapted from polynomial and exponential boundary-layer (BL) solutions based on BL theory. The accuracy of the new BL solution was dependent on the number of polynomial terms and the properties of the soil. The errors in predicting profiles of solute concentrations and estimating transport parameters were usually lower for a model combining one exponential and two polynomial terms than for a model with only one polynomial term. The new BL solution provides an alternative for simulating solute transport under field conditions and improves the methodology of using BL theory to solve the CDE.
Introduction
The transport of contaminants such as solute fertilizers or pesticides in soils has degraded the quality of surface and subsurface water resources (Russo et al. 1998; Arias-Estévez et al. 2008; Zhou et al. 2011) . Models of solute transport of varying degrees of complexity and dimensionality have been proposed to predict solute transport, such as the mobile-immobile model considering the existence of mobile and stagnant region in porous media (e.g., van Genuchten and Wierenga 1976; Gao et al. 2010) , the transfer function model (TFM) treating the solute transport as a stochastic process (e.g., Jury 1982; Zhang 2000; Mohammadi and Vanclooster 2012) , and the convection-dispersion equation (CDE) simulating solute transport through homogenous porous media (e.g., Nielsen and Biggar 1962; Bossew and Kirchner 2004; San Jose Martinez et al. 2010 ).
The CDE model is widely used for predicting solute transport, and numerous solutions to the CDE are now available, because an understanding of solute transport is critical for practical application (e.g., Leij et al. 1991; Shao et al. 1998; Golz and Dorroh 2001; Massabó et al. 2006; Ziskind et al. 2011) . Three parameters of the CDE must be determined to describe solute transport under a particular condition, i.e., average pore water velocity (v), dispersion coefficient (D), and retardation factor (R). Average pore water velocity can usually be obtained from infiltration data from a solute displacement experiment, and the other two parameters can be estimated by fitting breakthroughcurve (BTC) data (van Genuchten and Parker 1984; Jury and Sposito 1985; Yamaguchi et al. 1989) . Obtaining data for BTCs, however, is difficult under field conditions. Boundary-layer theory has been early used to solve heat and mass transfer problems (Kumar and Narang 1967; Gupta 1974) . A chemical boundary layer (BL) similar to the thermal or the velocity BL was assumed to exist. Shao et al. (1998) reported an approximate solution to the CDE using BL theory for semi-infinite systems, using the position of the solute front as the BL, and the resident concentration in the profile could be formulated by a polynomial. Wei and Wang (2012) assumed an exponential concentration profile for an exponential solution to the CDE. Using a BL solution to predict solute transport and estimate parameters is dependent on data for solute front advance over time instead of the BTC and is thus easier to achieve. Comparing with the exact solution, the two BL solutions are accurate and applicable to field studies of solute transport. However, the polynomial solution has a decreased accuracy over time, and the exponential model estimates the transport parameters well only when the pore water velocity is small.
Therefore, we present a new BL solution to 1D CDE combining polynomial and exponential terms in this paper. Two kinds of combinatorial concentration profiles are evaluated with multiple parameter settings to explore the limits of measurement for each model. The new BL solution provides a supplement to the methodology of BL solutions to the CDE and more accurate estimates of the transport parameters for some soils.
Theory
The governing equation for 1D solute transport in homogeneous isotropic porous media under steady flow can be written as
Equation 1 is usually referred to as the CDE, where C is the solute concentration (g cm −3 of soil solution), v is the average pore water velocity (cm h −1 ), x is the distance (cm), t is the time (h), R is the retardation coefficient accounting for equilibrium linear sorption, and D is the hydrodynamic dispersion coefficient. Equation 1 can be applied to finite and semi-infinite systems that are initially free of solutes:
When a solute with concentration C 0 is added to a semiprofile (0 ≤ x ≤ ∞) at a rate equal to the volumetric flux, mass conservation satisfies the following boundary conditions (van Genuchten and Parker 1984) :
and ∂C
An additional boundary condition was proposed by Shao et al. (1998) to specify the behavior of the solute front ( Fig. 1) , the location of the interface between solute and soil. The depth of solute front is a function of time, i.e., d(t):
Cðx,tÞ x = dðtÞ = ∂Cðx,tÞ ∂x
If we define I s as the cumulative solute added to the surface of a soil column, then
Integrating the left and right terms of eq. 1 yields
The left term of eq. 7 is obtained by combining eqs. 1 and 5. Equation 7 can be simplified as
or
We used a combined model (CM) combining exponential and power functions to approximately describe the profiles of solute concentrations (CM1):
The two coefficients in eq. 10 can be reduced to one using the BL condition in eq. 5. An equivalent expression for C is thus given by
Equation 11 applies when 0 < x ≤ d(t), and C(x,t) = 0 when x > d(t). Using the inlet BL condition in eq. 3, the expression of a 0 (t) can be given as a 0 ðtÞ = vC 0 dðtÞ 1 + evdðtÞ + eD
A BL solution to the CDE using a combined function model is therefore
Using eqs. 6, 9, and 13, the depth of the solute front can be expressed as a function in which the independent variable is t:
Equation 14 is obtained from the positive root of a parabolic polynomial equation with unknown d(t). Equations 13 and 14 then constitute the BL solution to the CDE when a combined function model is used to predict the concentration profiles.
If we assume a concentration profile using the CM with two terms of a power function (CM2):
Cðx,tÞ = a 0 ðtÞexp − x dðtÞ + a 1 ðtÞ x dðtÞ + a 2 ðtÞ x dðtÞ 2 (15) then the BL solutions to the CDE with the assumption of eq. 15 are Cðx,tÞ = vC 0 dðtÞ ð3 + eÞD + evdðtÞ
and
Equations 14 and 17 show the change of the BL depth over time, the rate of which depends on three parameters (v, D, and R). The parameter v can be accurately determined by a solute displacement experiment, and the other parameters can be obtained by fitting eqs. 14 or 17 once the change of the position of the solute front over time is measured. Flury and Flühler (1994) found that brilliant blue FCF was a useful dye for tracing the flow paths of water in soil. The dyes are demonstrated the applicability of mimicking transport behaviors of both adsorbing and nonadsorbing solutes . In addition, the transport of salt solutes can also be detected by time-domain reflectometry (TDR; Ward et al. 1994; Zheng et al. 2007 ). The soil bulk electrical conductivity changes when solute front arrives at the position of TDR probes inserted at different depths so that the advance of solute front with time can be obtained. The profile of the resident solute concentration can be predicted when the three solute transport parameters (v, D, and R) are known. Lindstrom et al. (1967) provided an analytical solution of eq. 1:
Equations 18 and 19 give an exact description of the profile of solute concentrations in soil. Mathematical expression is much simpler for BL solutions than the exact solution to the CDE. The BL solutions are approximate, so the prediction accuracy of the profiles of the solute concentrations will be discussed in the next section.
Discussion
Effects of the parameters of solute transport on the prediction accuracy of the BL solution Multiple combinations of parameters were used to calculate the profiles of solute concentrations with the exact and BL methods to determine their influence on the prediction accuracy of the two approximate models. C 0 was assumed to be one for simplifying the analysis. The root-mean-square error (RMSE) and the relative rootmean-square error (RRMSE) were used to evaluate the discrepancy between the BL solution and the corresponding exact solution. The three parameters (D, v, and R) in the CDE will be discussed. Yule and Gardner (1978) reported that D was approximately linearly correlated with v in homogeneous soils. A fast solute flow rate thus usually leads to a large D. The D=v ratio is defined as dispersivity, which depends on both the water flux and the solute convective flux. Dispersivity usually ranges from 0.5 to 2 cm in soil columns and from 5 to 20 cm in the field (Jury et al. 1991) . D and v vary synchronously for a fixed dispersivity, so the analysis of the effect of v is sufficient.
The variation of the prediction accuracy of the boundary-layer solution with v at a given time of 5 h is shown in Fig. 2 . Dispersivity and R were fixed at 1 cm and 1, respectively, and v ranged from 0.01 to 2 cm h −1 .
CM2 are more close to the exact solution than CM1 for all cases. The RMSEs and RRMSEs of both BL solutions under multiple parameter conditions are listed in Table 1 . The prediction accuracy for CM1 increased with increasing D when dispersivity and R were given. The prediction error for CM2 decreased when v increased from 0.01 to 1 cm h −1 and then increased when v continued to increase. A comparison of the RMSEs of the two BL solutions indicated that CM2 predicted the profiles of solute concentrations better than CM1 at a given dispersivity. According to the Poiseuille's equation, v is proportional to the square of the pore radius, so solutes have higher flow rates in soil with more macropores. CM1 is thus generally more appropriate for soils with lower bulk densities, but the predictions of CM2 are more accurate. The effect of dispersivity on the prediction accuracy of the BL solution is shown in Fig. 3 . The BL solutions were very similar to the exact solution but some discrepancies remained and varied among cases. The prediction errors calculated using different dispersivities are presented in Table 2 . A comparison of the RRMSEs of each BL solution indicated that increasing the dispersivity would increase the prediction accuracy of CM1 for dispersivities ≤10 cm and would decrease the accuracy for dispersivities >10 cm, whereas the prediction accuracy of CM2 increased with the increasing dispersivities ≤10 cm and then tended to remain constant as dispersivities increased further. CM2 was also better than CM1 at low dispersivities but CM1 improved at higher dispersivities. CM2 is therefore more appropriate for soil columns, and CM1 is more appropriate for field experiments.
The relationship between R and prediction accuracy for fixed values of dispersivity (1 cm) and v (0.1 cm h −1 )
at 5 h is plotted in Fig. 4 . CM2 was more similar to the corresponding exact solution for all cases, especially when R had large values. A comparison of the RMSEs calculated by CM1 and CM2 for each case also indicated that predictions were more accurate for CM2 than CM1 for all R (Table 3 ). The accuracies of the two BL solutions for different solute parameters were evaluated using the RRMSEs in Table 3 . As R increased from 1 to 50, the prediction error of CM1 increased greatly. CM2, however, predicted concentrations better when R was smaller and tends to be constant when R continued to increase. Note: Dispersivity = 1 cm; retardation factor = 1.
An R of 1 is a special situation of solute transport based on the assumption of an inactive solute. Therefore, no matter for conserved and retarded solute transport, CM2 is always superior to CM1.
Estimation of the parameters of solute transport
The comparative analysis in the previous section indicates that the BL solution is applicable to the prediction of solute concentration profiles and the description of solute transport in soil. An important use of the BL solution is estimating the parameters of solute transport, i.e., D and R. Equation 14 can also be expressed as
Similarly, the corresponding equation obtained by CM2 is
If we consider d 2 ðtÞ=t as the dependent variable and dðtÞ as the independent variable, then eqs. 20 and 21 become linear equations with unique slopes and intercepts. The parameter v can be determined from infiltration data, and the advance of the solute front over time is observable. The above two equations can thus be used to estimate D and R by linear fitting. R can be calculated from the slope, and D can be obtained from the intercept.
A 1D soil-column experiment was previously conducted under steady-state conditions to verify the reliability of the BL solution for estimating solute Note: Average pore water velocity = 0.1 cm h −1 ; retardation factor = 1. Note: Average pore water velocity = 0.1 cm h −1 ; dispersivity = 1 cm.
parameters. Zheng (2001) measured the transport of Cl − in aeolian sandy soil, loessial soil, and lou soil collected from the Loess Plateau in northwestern China. The air-dried soil was sieved and packed to fill plexiglass cylinder (0.14 m diameter and 1 m length) at various bulk densities. The columns contained TDR probes installed horizontally at 0.1 m intervals. A 0.3 mol L −1 solution of potassium chloride was used as the displacement solution. The corresponding solute breakthrough data were collected and used to estimate the solute transport parameters using CXTFIT that is specialized for solute transport data to estimate parameters (Toride et al. 1995) . The fitted data for the advance of the solute front over time are shown in Fig. 5 , and the coefficient of determination (r 2 ) of the linear-fitting and estimated parameters using different models are shown in Table 4 . The term r 2 was >0.95 for the three soils, indicating a good linear correlation between d 2 ðtÞ=t and t. We compared D and R estimated by the BL solution with those obtained by the exact solution to evaluate the accuracy of the two approximate solutions. CM1 and the exact solution produced similar estimates of D, but the BL solution produced a much larger R than the exact solution. In contrast, R was estimated more accurately by CM2. The analysis in the previous section demonstrated that CM2 was better than CM1 in most cases, so CM2 estimates parameters more precisely when taking both D and R into consideration. In addition, the estimation error was larger for D than R for all cases, indicating that the BL solution could lead to discrepancies between simulated and measured results. The errors were mainly due to instrumental and observational errors during measurement and because the BL solution is an approximate solution.
The models were further compared with assess their qualities for each kind of soil. D estimated using CM1 was more accurate for the aeolian sandy soil and the lou soil, but CM2 was better for estimating R. The model CM2 was better for estimating both D and R for the loessial soil. The prediction accuracy of the BL solution varied with the parameters of solute transport, so the accuracy of parameter estimation accuracy will vary among soils. BL theory produced the most accurate estimates of solute transport in aeolian sandy soil.
The BL and exact solutions were highly consistent. The results demonstrated the applicability of BL theory in the prediction of solute transport in soil and in the estimation of transport parameters. First, the BL solution has a much simpler expression than the exact solution. Linear fitting the data for the advance of the solute front over time avoids the uncertainty of the parameters caused by the selection of initial values using curve fitting. Second, the determination of the position of the solute front is easier than the construction of a complete BTC, especially in field studies. 
Conclusion
This study proposes an approximate solution to the CDE using BL theory. The BL solution was obtained by assuming that the concentration profile could be described by an expression consisting of exponential and polynomial terms. The prediction accuracy of the BL solutions was evaluated by comparing the BL solution and the corresponding exact solution using different parameters. The reliability of using BL theory for parameter estimation was tested by a laboratory soil-column experiment.
The prediction accuracy of the BL solution varied with the parameters of solute transport. CM1 contained one exponential term and one linear polynomial term. The prediction accuracy increased with the increasing v. The variation of the prediction error caused by the increase in dispersivity, however, first decreased and then increased. Conserved solute transport was more accurately simulated than retarded solute transport. CM2 combined one exponential and two polynomial terms. The error was lowest at a v of 1 cm h −1 when D and R were known. The prediction accuracy decreased regardless of the change of v. Lower D and R may lead to less prediction error. Also, the two BL solutions for a given set of transport parameters were not always consistent. The model CM2 described the solute profile better than CM1 in most cases, but CM1 was better when dispersivity was >10 cm. Estimating the parameters of solute transport is an important application of the BL solution. D and R estimated by linear fitting the data of the solute advance over time is similar to those calculated by CXTFIT, indicating the applicability of the BL solution for parameter estimation. The two BL solutions differently performed for determining different parameters and in different soils. The soil-column experiment indicated that CM2 was superior if both D and R were considered. Further analysis, however, is needed of more complicated solute transport in soil to provide more evidence for model selection.
The BL solution to the CDE can be used to predict the concentration profile during solute transport and to estimate the transport parameters, such as D and R, based on the data for the advance of solute front over time. This study will facilitate the quantitative study of solute transport under field conditions, but instrument sensitivity for measuring solute fronts should be considered to improve the prediction accuracy of the BL solution.
